Fundamentos de Sistemas Digitais

Légica e Algebra de Boole

Simplificacao de expressoes

prof. Dr. Alexandre M. Amory



Referéncias

* Floyd, cap 4
* Vahid, sec 2.5e 2.6, cap 6
 Daghlian, cap 9 e 13
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Motivacao para Otimizacao Logica

* Principais

critérios de otimizacao:

— Desempenho: medido em atraso da entrada para saida (e.g. ns)

— Tamanho: medido em nro de transistores ou area (e.g. um)

— Poténcia consumida: medida de Watts (W)

(a)

H AB+AB+C)+ B(B +

{

D+

~



Propriedades da Algebra Booleana

» Postulados

 Propriedade Comutativa

A.0=0 A+0=A A+1=1 1=A
A+A=1 A.A=0 A+A=A A=A
A+B=B+A A.B=B.A

Application of commutative law of

addition.

Demonstre esta equivaléncia com chaves !



Propriedades da Algebra Booleana

« Propriedade Associativa

(A+B)+C=A+(B +C) (A.B).C=(B.C).A

Demonstre esta equivaléncia com AND e NAND!

Demonstre esta equivaléncia com chaves !



Propriedades da Algebra Booleana

 Propriedade Distributiva

A.B+C)=A.B+A.C

™ s

Demonstre esta equivaléncia com chaves !
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Propriedades da Algebra Booleana

« Teoremade De Morgan
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NAND Negative-OR

X X —0 e
X+Y = XY
Y s

NOR Negative-AND




Propriedades da Algebra Booleana

Postulados
A= A+0=A A+1=1 A
A+A=1 ATN= A+A=A AN =A
Propriedade Comutativa
A+B=B+A A.B=B.A

Propriedade Associativa

(A+B)+C=A+ (B +C)

(A.B).C=(B.C).A

Propriedade Distributiva

A.B+C)=A.B+A.C

Teorema de De Morgan
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Demonstracdo com Portas Logicas

Regra 10: A+ AB=A
Regra11: A+ A’'B=A+B
Regra 12: (A+B)(A+C) =A + BC

Exercicio: provar estas regras utilizando as regras
antereriores !
— Por fim, Monte a tabela verdade e o circuito (sem/com otimizacao)



Fundamentos de Sistemas Digitais

Conversoes

prof. Dr. Alexandre M. Amory



Expressao Booleana > Circuitos

. F=A(B+CD)

e Fazer circuito em aula
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Circuito = Tabela verdade

INPUTS OUTPUT
C A(B + CD)

A B D
0 0 0 0

0 0 0 1

0 0 ] 0

0 0 i 1

¢ —— 0 | 0 0
D ——} & 0 [ 0 I
o —D— B+ CD 0 | ] 0
_} B + CD) ? : : !

s ] 0 0 0

] 0 0 1

[ 0 | 0

[ 0 1 1

| 1 0 )

1 [ 0 1

1 1 I 0

1 1 1 1
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Simplificacdo c/ Algebra Booleana

Usine Boolean algebra techniqucs, simplify this expression:

AB + AB + C) + BB + C)

Solution  The following is not necessarily the only approach.

Step 1:  Apply the distributive law to the second and third terms in the expression, as
follows:

AB + AB + AC + BB + BC
Step 2: Apply rule 7 (BB = B) to the fourth term.
AB + AB + AC + B + BC
Step 3:  Apply rule 5 (AB + AB = AB) to the first two lerms.
AB +AC+ B + BC
Step 4:  Apply rule 10 (B + BC = B) to the last two terms.
AB+ AC + B
Step 5:  Apply rule 10 (AB + B = B) to the first and third terms.
B+ AC
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Simplificacdo c/ Algebra Booleana

B
AB+AMB+OC)+ B8 +C) B+ AC
|

(a) (b)

FIGURE 4-17



Exercicios

Prove a equivaléncia de ....

Respostas no Floyd

[AB’(C+BD)+A’B’]C = B’C
A’BC + AB’C’ + A’'B’C’ + AB’C + ABC = BC+AB’+B’C’
(AB+AC)'+A’B’C = A’+B’C’

Atividade p Proxima Aula

Entregar no inicio da aula

Floyd: exercicios secéo 4.2 até 4.5, pagina 252

Escrito a méao !!!! Explicar solugao passo a passo !!!

Pelo menos 10 exercicios sendo de tipos e complexidades
diferentes



Forma Padrao de Soma de Produtos

Todas as variaveis devem aparecer em cada termo da
expressao

Motivo: Facilita construcao de tabela verdade e mapa de
Karnaugh

Expressao ‘padrao’:
— AB'CD + AB'CD’ + ABC’D’
— AB+ A'B

Expressao ‘nao padrao’:
— AB + ABC
— A'B+AB'C + AC’
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SOP padrao = Tabela Verdade

IEXAMPLE 4-18 : v
Develop a truth table for the standard SOP expression A BC + ABC + ABC.

Solution There are three variables in the domain, so there are eight possible combinations of
binary values of the vanables as listed in the left three columns of Table 4-6. The
binary values that make the product terms in the expressions equal to | are
ABC: 001; AB C: 100; and ABC: 111. For each of these binary values, place a | in the
output column as shown in the table. For each of the remaining binary combinations,
place a 0 in the output column.

TABLE 4-6
INPUTS OUTPUT
0 0 0 0
0 0 ] I ABC
0 1 0 0
0 1 1 0
| 0 0 I ABC
l 0 1 0
| 1 0 0
I 1 ] I ABC




Expressao Booleana > SOP padrao

« O caixaforte de um banco funciona com um sistema de chaves.
Trés pessoas tém as chaves: o gerente, seu auxiliar e o tesoureiro.
A porta abre com, pelo menos, duas das trés chaves, sendo que
uma delas tem que ser a do tesoureiro
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SOP padrao = Mapa de Karnaugh

el

E 4, c z
A 3-variable Kamaugh map showing Al 0 ! AB
product terms, 00 00
01 01
11 1]
10 10

(a) {b)

Como preencher a tabela com a expressao ?
B D Claha D) € alD < e
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SOP padrao = Mapa de Karnaugh

FIGURE 4-24 c

0 I ABC + ABC + ABI
. AB = g
Example of mapping a standard SOP — 000 OQ] 110

expression. 00 | | =

01

11| et

10| 1=f—t —

100
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SOP padrao = Mapa de Karnaugh

CD
AB

00

0l

10

00

01

10

{a)

Como preencher a tabela com a expressao ?

CD

AB

00

01

11

10

(b)

o0 0Ol I 10
B B BCT) Bl
B( \B3 15(

BT ABC BCD
T B 1 BC1

FIGURE 4-22

A 4-variable Karnaugh map.

Sl on asldcohrel He pdeichrml depckaccldn Sl cla dl 88" SH o clanclarrel Sloubimac ol £10 4
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SOP padrao = Mapa de Karnaugh

C!) | A 4 /'
AN 0t/ 1o
00
01
A B '
11 _
\BCD — | \
10 ' \
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Tabela Verdade - Karnaugh

FIGURE 4-35 X=ABC + ABC + AB(C +

Example of mapping directly from a
truth table to a Karnaugh map.

Inputs  Output

ABC| x
00 0 |
00 I 0
.1 o) o
01 1 0
100 1
e i 0
110 l
i 1

ABC

AB
00

Ol

;lU
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Tabela Verdade - Karnaugh

Inputs | Output
ABCD

4
0000 0
000 I 0
0010 0
0011 0
0100 0
0101 0 D
00 Ol I 10
0110 0 AB
| 1 00
1000 1
1001 | o @ L ascp
010 X l 4= BCD
I 011 X
nifx | x x| x
1100 X Don’t cares ( \-/ j
1101 X
s 10 Kl. B | x x)
P11 X "
AB( A

(a) Truth table (b) Without “don’tcares™ ¥ = ABC + ABCD
With “don’t cares” Y =A + BCD
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Minimizacao com Mapas de Karnaugh

 Encontre os agrupamentos retangulares de 2, 4, 8, 16 “uns”

adjacentes
S; CD S, CD S3 CD
AR\ H00 MO RIS i ABN_00, 01 11 ,10 ABN_00 01 11 10
oofo[xJoTJo oof 1T oo [[x oof(1]] o |[1]] 0
O1ETT X" =0 01l O Ve S 01 O 1
e el o]l o o Lo o] e
2 ) 7t T ) el o e wpe- L0 ol B 210
S,=BC +A S,=BD +BD S,=ACBD + ACD +ABD + BC
A A 40
B O
C O
B— Sy 1 D o

c-0

S,

Sulije
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Como Agrupar ?

CD

10

Il

0l

(0

0;{0(1(0

0(1|1/0
0[1[1]0
111111

AR

O

()

01

11

10

1(0
110
11
110

AB

0

00

01

10

111
110
1(1
1] 1

AB

00

01

10

10

11

01

0j 01

0l1(0|1
O[0(1](1

11011

1

Ch
AB
()

01

10

10

11

0l

0|1;1|0
0(1{0]|0
0j1{0|1

1111110

D
AR
()

01

10

0

110
110
e

AB
00

0l

10




SOP padrao = Mapa de Karnaugh

« Exercicio em aula
— Monte o mapa de Karnaugh para as seguintes expressoes
— A'BC + AB'C + AB'C’
— A'BCD’ + ABCD’ + ABC'D’ + ABCD
— AC(B’'+C)



Mapa de Karnaugh c/ 5 variaveis
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Mapa de Karnaugh c/ 6 variaveis
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Minimizacao com Mapas de Karnaugh

 LimitacOes de Mapas de Karnaugh

— Dificil lidar com funcdes com mais de 4 variaveis.
« 5 e 6 variaveis é factivel, mas complexo

— Dificil de automatizar !!!

« Qutras referéncias

— https://lwww.youtube.com/watch?v=73xFPhTsCFk
(simplificacéo booleana)

— https://www.youtube.com/watch?v=luMHYC6UQ10
(Karnaugh portugués)

— https://www.youtube.com/watch?v=A0XupfXiKlo
(Karnaugh em inglés)

« Simuladores e Ferramentas Computacionais
— http://goo.gl/sI8s0S (Karma)
— http://sontrak.com/ (Logic Friday — Boolean logic optimization)



Atividades p Proxima Aula

« Exercicios do Moodle
— Simplificacéo por Karnaugh e Quine-McCluskey

e EXxercicios dos livros
— Floyd, final do cap 4.

« Atividade p Proxima Aula
— Entregar no inicio da aula
— Floyd: exercicios secao 4.7 ate 4.10, pagina 254
— Escrito a mao !!!l! Explicar a resolucao do problema !!!

— Pelo menos 10 exercicios sendo de tipos e complexidades
diferentes



Minimizacao com Quine-McCluskey

 Referéncias:
— Vabhid, cap 6, pg 329
— Daghlian, sec 13.3, pg 148
 Vantagens contra Karnaugh
— Funciona bem com poucas variaveis
— K-map method could be less than optimal due to human error
— Quine-McCluskey + Petrick’'s method can guarantee an optimal answer

* Youtube
— https://www.youtube.com/watch?v=Vqgp9JcO9In30 (Inglés, excelente!)
— https://en.wikipedia.org/wiki/Quine%E2%80%93McCluskey algorithm

— https://en.wikipedia.org/wiki/Petrick%27s_method
» Tutoriais
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Minimizacao com Quine-McCluskey

Determinar os termos irredutiveis da fungio
flac,y,z) = x'y'z +xy'z’ + x'yz' + x'yz + xy'z + xyz.

Solucdo:
flx,y,z) = Z(001,100,010,011,101.111)

=
Ly |

—i-—ll:]—lgﬂ
- | =k =k T T =

=l Wl I =

* Daghlian, sec 13.3, pg 148

149
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Minimizacao com Quine-McCluskey

Determinar os termos irredutiveis da fungio
flac,y,z) = x'y'z +xy'z’ + x'yz' + x'yz + xy'z + xyz.

Solucdo:
flx,y,z) = Z(001,100,010,011,101.111)

Xy 2 Xyl z
1|olof1 1.3 |of-|1
2fo|1{o|”| 15 |[-|o]1
4|1|olo|
alof1]1]
s{1](o]1}
' 1EIER KRS

* Daghlian, sec 13.3, pg 148
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Minimizacao com Quine-McCluskey

Determinar os termos irredutiveis da fungio
flac,y,z) = x'y'z +xy'z’ + x'yz' + x'yz + xy'z + xyz.

Solucdo:
flx,v,z) = Z{001,100,010,011,101,111)

X1y¥Y|2 XI|¥|Z
110[0]1 1.3 [of-]1
210/1(0(7] 15 |-|0]1
a|1|ofo|*] 23 |o|1]-
FICIERE
5(1]0]1
AEIERE

* Daghlian, sec 13.3, pg 148
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Minimizacao com Quine-McCluskey

Determinar os termos irredutiveis da fungio
flac,y,z) = x'y'z +xy'z’ + x'yz' + x'yz + xy'z + xyz.

Solucdo:
flx,v,z) = Z{001,100,010,011,101,111)

XYz XY |Z
1{ofol1|7] 1.3 [o]-]1
210/1(0(7] 15 |-|0]1
al1|olo|*| 23 1]-
sfof1]1]7] a5 |1]0]-
5(1]0]1

7117

* Daghlian, sec 13.3, pg 148
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Minimizacao com Quine-McCluskey

Determinar os termos irredutiveis da fungio
flx,y,2) = x'y'z + xy'z’ + x'yz" + x'yz + xy'z + xyz.

Solucdo:
flx,v,z) = Z{001,100,010,011,101,111)

Xy 2 Xyl z
10|01 13 |o|-|1
210/1(0(7] 15 |-|0]1
al1|olo|*| 23 1]-
alof1 (11| 45 |1]0]-
5/1]0]1 37 |- |1]1
(1] 87 [ ]-1|a

* Daghlian, sec 13.3, pg 148
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Minimizacao com Quine-McCluskey

Determinar os termos irredutiveis da fungio
flac,y,z) = x'y'z +xy'z’ + x'yz' + x'yz + xy'z + xyz.

Solucdo:
flx,v,z) = Z{001,100,010,011,101,111)

x|vy|z x v | z| x|ylz
1lolol1 13 |ol=|1*"| 1357 |-|-|1]~+z

I -

20|10 15 [-lo[1* [ 1537 |-|-|1
[ af1]o|o|*] 23 |o1]- »

> — XYy

BNERE 45 [1]o|-|— o .

51|01 37 |-[1[1}*

71T 1* ] s7 b l-11]*

Como 1,35,7 e 1,53,7 representam um mesmo termo, ndo serd necessirio
repetl-lo e a fungdo simplificada é dada por:

* Daghlian, sec 13.3, pg 148 f=xy +x'y+2z, 148
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Minimizacao com Quine-McCluskey

e

1.3 |
1.5
| 2,3
. 45
3,7
5.7

i B e = I I == T [ :
| =D = O |

f=z+xXy+xy’

* Daghlian, sec 13.3, pg 148



Minimizacao com Quine-McCluskey

|‘r = aib{:!di _.r_amldl-_l_ﬂlhvl::.rd + ﬂ'tﬂ:ld +arm}di +Etx.d'-

* Daghlian, sec 13.3, pg 148
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Minimizacao com Quine-McCluskey

|’r = aih{:!di _.r_amldl-_l_ﬂlhvl::.rd Fe ﬂ'tﬂ:ld +arm}di +Etx.d'-

ajbjc|d|
[ 1]olofo|1|*
| 4|01]olo]~
[ sjof1|o]1]”
(12| 1[1]o]o |
| 6|ol1|1]o|*
14 [ 1]1]1]o]”

* Daghlian, sec 13.3, pg 148 (erro no livro)
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Minimizacao com Quine-McCluskey

|’r = aih{:!d.l 'i“ﬁl:l.'.‘ﬂ"l'ﬂ'b'l:"d +a|'tH:Jd +armi +-Htm.d'-

A WA

| 1fololo|1]~ MES o - o |
Lajolrjolo|” M < 0 1 0 -
| sjofrfe[1]” Mu, i3 — 100 2
(12| 1|1|o]o|* Wweaol -0
| efol1|1lo|> L =1 | O 2
i iajol” BELLL! -0 L

* Daghlian, sec 13.3, pg 148 (erro no livro)
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Minimizacao com Quine-McCluskey

|’r = aih{:!d.l 'i“ﬁl:l.'.‘ﬂ"l'ﬂ'b'l:"d +a|'tH:Jd +armi +-Htm.d'-

- at.:'.ic:'?_' e G o

C1]olofo[1]~ MBS o - o |

Lalo|rjojo|” My ¢ o0 I 0 - r - 0l
'sfolrfoln |~ W, — 100 , B G0y -1-0
Lzl 1|1lelo|l N f 01 - 0 & [FFrmmm—r—=0t
| 6lol1|1]o|* Bl =1 1 O £

uwifiajo]” B2 Ll -0 L

f=a’c’d +a’bc’+bd’

* Daghlian, sec 13.3, pg 148 (erro no livro)
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Minimizacao com Quine-McCluskey

v = a'bc'd’ +abcd’ +a'b'e’d + a’be'd + a’bed” + abed”.

DB A CT o
/JS' 9 = @l
e 0 | o - F > 1o
Vg /2 i lO O /o b/,/z/g,/(;/ "‘1—0
’V,/ aF I ~ O V .'A ?L,'hc’/f,’/l—;!‘f = =
g,y 11 =0 L
k
o)A, [
f=a’c’d +bd’ «— s

* Daghlian, sec 13.3, pg 148 (erro no livro)
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Minimizacao com Quine-McCluskey

Minimizar a fungao;
y = a'bcde +ab'cde’ + a'b'c’'de’ + ab'c’'d’e’ + ab'c'de’ + a'bed’e +
+ abcd'e” + a'bede + -a'bed’e’ + a'bed’e’,

* Daghlian, sec 13.3, pg 148
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Minimizacao com Quine-McCluskey

Minimizar a fungao:

y = a'bcde +ab'cde’ + a'b'c’'de’ + ab'c’'d’e’ + ab'c'de’ + a'bed’e +
+ abcd'e” + a'bede + -a'bed’e’ + a'bed’e’,

|
o
il

16
12
18

13
22
28

o|l= = 0o o|= Oo|= 0 O
= o = ol =loo o |@
I P B =T = R =
=l = O =|= o|lo © =
_igc:—l—-l::ﬂ.l::'l:ﬂﬂ
LN

* Daghlian, sec 13.3, pg 148
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Minimizacao com Quine-McCluskey

Minimizar a fungdo:

y = a'bcde +ab'cde’ + a'b'c’'de’ + ab'c’'d’e’ + ab'c'de’ + a'bed’e +

+ abcde” + a’bede +

-a'bed’e’ + a'b'ed’e’.

|

(=8

il

16

12
18

13
22
28

15

T e — = L= R =

=0 = 0 == 0|0 O =
=0 0 = =|O O|C C O
AL LR L AN

* Daghlian, sec 13.3, pg 148

2,18
4,12
16,18

 _

=T =

=

12,28
18,22 1

o =|co |

- s = &

7,15

13,15

=T =

- == £

- =l ol o O
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Minimizacao com Quine-McCluskey

Minimizar a fungao;

y = a'bcde +ab'cde’ + a'b'c’'de’ + ab'c’'d’e’ + ab'c'de’ + a'bed’e +
+ abcde” + a’bede + -a'bed’e’ + a'bed’e’,

alblc|d|e alblc|dfe
2 |olojojrio{~ 218 |-|0(0|1|0
4 {olo|1]|ojo|* 412 |o|-{1]0}|0
16 |1{o|ololo|* 16,18 [1|ojo|-|0O
12 lol1l1]ojol* 1228 |- [1]|1]|0]|0O
18 |1{ojo|1]o|” 18,22 {1]0}-]1]0
7 lolol1|1 |1 715 Jo]|-|1]1]1
13 |o|1{1|o|1|* 13,16 o |1]1]-|1
22 |1i{el1l1jo}*
28 [1]1|1]olo|™
s Jofi[1[1fh]*

f=Db’c’dc’+a’cd’e’+ab’c’e’+bcd’e’+ab’de’+a’cde+a’bee
* Daghlian, sec 13.3, pg 148



Atividades p Proxima Aula

« Exercicios do Moodle

— Simplificacéo por Karnaugh e Quine-McCluskey
« Exercicios dos livros

— Floyd, final do cap 4.

« Atividade p Proxima Aula
— Entregar no inicio da aula
— Floyd: exercicios secao 4.7 ate 4.10, pagina 254
— Escrito a mao !!!! Explicar a resolucao do problema !!!

— Pelo menos 10 exercicios sendo de tipos e complexidades
diferentes



